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Abstract ‘ Correlated wavcfbnctions arc reported for the ground state ol'hdium isoeleetronic systems in the standard form . 7^
-  \^2 cxp[~(v4r| )]  ^ ^ where I,  ^ «, i  (integer) The set ot'exponential correlation parameter /j, is optimised
hy the Monte Carlo method alongwith other nonlineat variational parameters >1, B to obtain quite accurate etgenenergies. The best wavcfunetion 
I'oi helium with only 25 terms in the present scheme predicts an cigenenergy of 2.90372 a u. in comparison with the nonrelativistic limit, 
2 903724377034119598296 a u., obtained hy Korobov using 2200 terms \Phys Rev A 61 064503 (2000)| Ihe ground state energies ot* other 
systems obtained by the present study arc also fairly accurate These simple coiTclated wavetunctions arc expected to be highly useful for atomic 
scattering calculations
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The c lassica l a p p ro a c h  o f  in c lu d in g  th e  effec t o f  co rre la tio n  
m the  s tudy  o f  tw o -e le c tro n  sy s tem s is  d u e  to  H y lle raas  in  
(lie early  U rirties [ I ] ,  T h e  f irs t su ccessfu l co m p u ta tio n  o f  th e  
ground s ta te  e n e rg y  w a s  h o w ev e r p e rfo rm e d  by P ek eris  [2] 
w ith an  a m a z in g  acc u ra c y  o f  e le v e n  s ig n if ic a n t d ig its  w ith  
the in c lu sio n  o f  1078  te rm s  in  th e  l in e a r  e x p a n s io n  o f  th e  
'vavefunction . S in ce  th e n  th e re  h a v e  b e e n  se t'e ra l successftil 
a licm pts to  a tta in  th e  e ssen tia lly  e x a c t  v a lu e  fo r  h e liu m  a n d  
other tw o -e le c tro n  io n ic  sp ec ies  by  d if fe re n t m eth o d s. In  
particu lar, m e n tio n  m ay  b e  m a d e  o f  th e  w o rk s  o f  F re u n d  
cl a! |3 ] , D ra k e  a n d  Y a n  [4), U m rig a r  e t  a l  [5], F ro lov  an d  
Sm ith  [6], a n d  K o ro b o v  [7] w h o  h a v e  m a in ta in e d  th e  h ig h e s t 
o rder o f  a c c u ra c y  in  th e i r  c a lc u la tio n s . T h e re  h a s  ho w ev er 
been c o n tin u e d  in te re s t  in  th e  s tu d y  o f  th e  p ro b lem  o v er 
the la s t se v e n  d e c a d e s  in  o rd e r  to  u n d e rs ta n d  fiilly  th e  
in trica te  n a tu re  o f  th e  w av e ftin c tio n  in  sp ace  a n d  its  
d q ien d en c e  o n  th e  e le c tro n -e le c tro n  c o rre la tio n . O f  la te , 
search fo r  a  b e tte r  u n d e rs ta n d in g  o f  th e  o th e r  ph y sica l 
param eters, su c h  a s , c o rre la tio n  a n d  o rb ita l cu sps , v ir ia l 
iheorem . v a r io u s  ex p e c ta tio n s , e tc  a n d  th e i r  d e p en d en ce  o n
Coiretponding Author
th e  tw o -e lec tro n  w av cfu n e tio n  has a lso  in itia te d  m an y  
in te re s tin g  s tu d ies  |8 - I 5 ] ,
In  tills R ap id  C o m m u n ica tio n , w e p re se n t a  s tudy  to  show  
th e  p red o m in an t dependence  o f  th e  tw o-electron  w avcfunetion  
on  th e  exponen tia l co rrelation . T h is  w o rk  a ttem p ts  to  estab lish  
th a t  p ro p e r  in c lu sion  o f  e le c tro n -e lec tro n  co rre la tio n  th ro u g h  
ex p o n en tia l fu n c tio n s  m ay  be ach ie v ed  w h e n  th e se  a rc  
au gm en ted  w ith  conven tional te rm s c o n ta in in g  h ig h e r  pow ers 
o f  th e  e lec tro n  a n d  th e  re la tiv e  co o rd in a te s  w ith  f a r  less 
n u m b e r o f  te rm s  in th e  exp an sio n . O n e  o f  th e  m a in  ob jectives 
o f  th e  p re se n t c a lc u la tio n  b a s  b e e n  to  p ro p o se  co rre la ted  
w aveftm etions fo r H", H e an d  o th e r  tw o  e lec tro n s  system s 
w h ich  a rc  fa irly  s im p le  to  b e  u sefu l fo r  a to m ic  sca tte r in g  
ca lcu la tions.
W e  h av e  co n sid e red  th e  tw o -e lec tro n  w av c fu n e tio n  in  
th e  fo llo w in g  fo rm s :
L ^  = <p(r\)^ir2)x(r^2) (1)
N-^exp[-(j4/i +8 x2 )-*’ (1 ^  2)]
x[l+0.5»i2exp(-//H2)]. (2)
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II. !P = — expf-{/4r|+ B/-2)+ ( I  2)]
7 t ^
X [l + (0.5r,2 + C2nr^\)e \p (-pr^2)], (3)
III. y' = - ^ e x p [ - ( y 4 / i (1 2)]
x[l + 0.5r|2 exp(-//|r,2) + C2/'i''n exp(-/<202)].(4)
IV. y^  = —exp[-(^ri+  B /i)+ (1 2)]
X [l +(0.5r,2 +C2rir2r, )^exp(-/2r,2)], (5)
V. ~ ^exp \-{A r]  + Bri)-^ (1 2)]
X [l + 0.5/12 exp(-//ir,2) + C2r\rir^ 2 cxp(-//2/l2 )]-
(6)
VI. ¥' = -^ e x p [-(^ /l+ 5^2) + (I ^  2)]
X [1 +  0.5/12 e x p ( - / / , / i 2 ) +  C2/1 e x p ( - /y 2 / i2 )
+ cj/^ exp(-//3/i2) + C4/i/i2 exp(-//4ri2)
+ ^5''202 exp(-//jr,2) + c«,/i/'2 exp(-//6/-|2)]. (7)
The seventh wavefimction considered in this series is of 
a general nature, and is obtained as
VII. !P = — e--<(''+'/)rc-o+Ci/i2^''“‘''’ +c-2/ie-^2''/
7T ‘■
-i-C7/*^ 2^^ ~^ 7n2 +Cg/^ r2^ e~/'«n2
+C20'i '^2 r^,^ '^'^2o''2 '
+C22n'2 '^‘l2 '^^^ '^'  ^ + C23r|r2^ rj^ e">^ i3n2
•f C24r,V22r,^ 2^ “/'wn2 4^ (1 ?=» 2)]. (8)
The recent studies of Toennis and coworkers [8], Le 
Sech [9], Bhattacharyya et al [10], Tripathi e/ a/ [11], Kar 
and Mandal [12] and Ghoshal et al [13] have considered 
different forms of the wavefunction for the two-electron 
systems with various degrees of sophistication. The 
eigenenergies predicted by these works are of interest since 
they all attempt to limit themselves to a small size of the basis 
set.
The standard eigenvalue problem to be solved, according 
to the Rayleigh-Ritz variational principle, is of the form : 
He * sSc, where H, S  are respectively the hamiltonian and
overlap matrices, with the vectors of expansion, c and 
eigenvalues, c. In this calculation, there is a general 
prescription for evaluation of all the integrals analytically. 
We have reduced the given matrix eigenvalue equation to 
the standard form by multiplying both sides of the equation 
by The resulting eigenvalue equation is solved by 
transforming the matrix to the Hessenberg form and then 
using the Q- R algorithm following Press et al [14]. The 
vectors c are obtained by a further calculation by solving the 
linear equations.
As a further check of our calculations, we have also 
calculated the eigenvalues using the variational expression, 
K = {W\II\ F), which is an upper bound to the exact
ground state energy of the system. The results seem to be 
very interesting.
We have displayed the main results of our findings in 
Tables I and 2 in which the eigenenergies are reported 
alongwith the expansion coefficients and exponential 
correlation /i, as given by the wavefunctions I-VI for the 
two-electron systems, H , He, Li ,^ Ne^\ For the
wavefunction VII, however, we display only the eigenenergies 
for these systems. (The results of the rest of the systems have 
been calculated and are with the authors which are available 
on request.) The best eigenenergy corresponding to the 
wavefunction VII for He is -2.90372 a.u. which seems to 
be a rather good estimate of the nonrelativistic value of 
-2.903724377034119598296 a.u., reported by Korobov [7] 
using 2200 terms (see also Pekeris (2], Freund et al [31, 
Drake and Van [4]). A value o f -2.90319 a.u. was reported 
by Roothaan and Weiss [15] using a 64-tenn open shell 
correlated wavefunction. The best values obtained by 
Kleinekathdfer et al [8] and Le Sech [9] for the same 
system are -2.90 a.u. and -2.9026 a.u. respectively. The 
eigenenergies of other systems are also in close agreement 
with the results of Pekeris [2].
One aspect that needs mentioning is that the relative 
values of the exponential correlation parameter for higher 
order terms in the expansion, increase with the charge of the 
nucleus, Z. Thus for Z = 10, the values of /i, may at times 
become as large as 8.0 or 9.0 which may appear to be 
unacceptable. But we have tested our calculations by ignoring 
these terms. It is found that the results are then not so 
accurate as in the case when we retain these terms. Several 
significant digits are lost due to exclusion of these terms in 
the calculations.
Finally, a comment on our choice of the values of yu, is 
in order. We have picked up random values of the exponential 
correlation parameter as well as of the effective charge, 
setting ^  * B. It is indeed an uphill task to optimise the set
N o rm a l tw o -e lec tro n  system s w ith  exp o n en tia l correla tion  TO*
r bic 1 E ig e n c n c rg ic s  in atomic units for th e  h e l iu m  iso-cIcctronic systems, IT, He. Ll^ C^  ^ and Nc*** u s in g  exponential correlation llinction.s 
uV (see text) . -------
ir He Li^ C’4‘ Nc**
Wave I ~^(a.u.) 0 525722 2.90110 7.27689 32 4027
44 7778 93 9031
A 0.463 1.41 2.33 5 106 6 I09I 8 944
B 1.0712 2.2076 3J 02 6 5233 7 5476 lO 707
0 0536 0.1926 01347 0 8603 0 9479 I 44
V 0.256440 6 05268 2&J6088 270 462 445 906 1376 13
Wave II ~^(a.u.) 0.526160 2.90161 i a i m 32.4045 44 7798 93 9053
A 0 5005 1 422 44075 5 2098 6 1598 90154
B 1.0608 2216 *2821 6 4864 7.5412 10 6888
0.1219 0.2370 0;432l I 1675 I 4434 2 3417
C2 0.0119 0 023 dl07 0 6522 I 018
2 7076
N 0.278466 6.12797 27,2294 274.508 450 112 1387 72
Wave III -ip(a u.) 0.526195 2.90185 7.27820 32 4044 44 7797
93 9052
A 0.5214 1.4422 2.4069 5 2803 6.2244 9 0805
B 1.0626 2.1943 ^2732 6 4397 7.4926 10 6332
0.1268 0 2636 0.5522 I 2319 1.4602 2 1754
0 1043 0 1414 0 3883 0 8486 0 9679 1.4518
C2 0.0136 0.0227 0.1343 0612
0 8321 1.7494
N 0.2899% 619051 27 4002 276 796 452.278
1390.14
Wave IV -f(a.u.) 0.526543 2.90297 7.27906 32 4052
44.7804 93.9058
A 0.4934 1.3940 2 304 5.0988 6.0298
8.8434
B 1.1386 2 2750 3 3819 6.5972 7 6655
10.8494
M 0.0715 0.276 0.4693
I 0347 1.2548 1.9217
C2 0.003 0.036 0 1365 I 1045
1.8535 5.8822
N 0 302331 6 30554 27.3246 274 437 449 576
1385 13
Wave V -f(a.u.) 0.526894 2.90315 7 27899 32.4046 44 7798
93 9020
A 0.472 1.3940 2.315 5.1648 6 1075
9.063
B 1.127 2 3000 3.36 6.5395 7.5937
10 686
M\ 0.077 0.2850 0.446
0.8922 I 0819 0.996
M2 0.127 0.4600 0.433
0.5282 0 5426 0.293
C2 0.0032 0.074 0.1I4
0 5502 08118 0.754
N 0.285282 6.37228 27.1637 274.595
449.759 1384.19
o f nonlinear v a ria tio n a l param ete rs  Hi ap a rt from  A . W hat w e 
have ach ieved  is  de fin ite ly  a  so lu tion  to  the  eigenva lue  
p rob lem  s a t is f y in g  th e  e x tr e m u m  p r in c ip le  fo r  th e  
eigenenergy. I t  m ay  h o w ever, b e  p o ss ib le  to  a tta in  th e  sam e 
goal by  op tim isin g  a  d iffe ren t se t o f  n o n lin ea r varia tional
param eters.
In conclusion , in  th is  rap id  com m unication , w avefunctions 
arc p roposed  fo r th e  nom aal tw o -e lec tro n  system s w ith
predom inan t exponen tia l co rre la tion . T hese  w avefunctions 
are  fa irly  accu ra te  in com parison  to  th e  exa c t  w avefunctions. 
B ecause o f  th e ir sim ple appearance  and conven ien t structure , 
they  are  expected  to  b e  app rop ria te  fo r a tom ic sca ttering  
theory .
A ll ca lcu la tions w ere perfo rm ed  in F o rtran  77  on IB M - 
com patib le  750  M H z Pentium  III PC  w ith  d oub le  prec ision  
arithm etic  in the  L inux environm ent.
1 0 2
T a b le  2 . E igenenergies in a.u. 
(see text).
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for the helium  iso-elcctronic system s, H“, H e, Li^, and using exponential correlation ftinctions V l and Vll
H" He L r N5"
W ave VI ~ff(a.u .) 0 .5 2 7 1 0 0 2 .9 0 3 6 6 7 .2 7 9 7 0 3 2 .4 0 4 5 4 4 .7 8 0 6 9 3 .9 0 6 2  ^
A 0 .418 1.4280 2 .5 3 2 5 .447 6 .4 1 7 9 .3 2 4
B 1.109 2 .3 7 2 0 3 .0 0 0 6 .0 9 0 7.131 1 0 . 1 2 0
Ml 0 .1 7 2 0.461 0 .6 3 4 0 . 8 8 8 0 .9 9 9 2 .2 5 0
Ml 0 .252 0 .157 0 .0 5 8 0 .1 3 3 0 .1 5 4 0 .3 8 7
M-i 0 .128 0 .7 0 0 0 .7 8 4 0 .7 4 9 0 .7 3 9 0 .6 2 2
M^ 1.300 0 .8 7 0 0 .7 ? 6 0 .9 9 8 0 .9 9 9 5 .8 0 0
Ms 0 . 0 0 0 0 .017 0 . 0 0 0 0.141 0.691 0 . 0 0 0
0 .7 8 0 0 .445 0 .9 6 0 0 .2 7 5 0 . 0 0 0 0 . 0 0 0
C2 -0 .1 5 8 0  3 0 0 1 .030 1.063 1.083 1.088
C3 -0 .2 2 4 - 0 .3 0 6 -1 .2 7 3 - 1 .2 6 2 -1 .2 6 2 - 1 .3 7 7
C4 0 .1 1 9 -0 .3 5 6 - 0 .9 2 8 - 0 .9 9 9 - 0 .9 9 9 9 - 1 .1 6 7
cs 0 .0 4 5 4 0 .1 9 0 -0 .0 7 1 5 - 0 .1 0 8 - 0 .1 4 8 - 0 . 0 0 1
Ch 0 . 1 0 0 0 .115 0 .1 3 4 0 . 2 2 1 0 .2 6 5 0 .2 4 3
N 0 .3 1 5 8 1 2 6 .5 6 9 3 9 2 7 .7 4 6 0 247 .871 4 4 9 .6 8 9 139 1 .9 0
W ave VII - f ( a .u .) 0 .5 2 7 4 3 2 2 .9 0 3 7 2 7.27991 3 2 .4 0 6 2 4 4 .7 8 1 4 9 3 .9 0 6 8
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